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The Einstein equations as PDEs in 3+1 variables

∂thij = −2akij + 2D(ibj), (E1)

∂tkij = a[Rij + (kl
l)kij − 2kilk

l
j] + blDlkij (E2)

+ kilDjb
l + kljDib

l −DiDja,

Ri
i + (ki

i)
2 − kijk

ij = 0, (HC)

Djkij −Dik
j
j = 0. (MC)

spatial metric h ∈ S, extrinsic curvature k ∈ S, lapse a ∈ R,

shift b ∈ R3, all depend on x ∈ R3, t ≥ 0.
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∂thij = −2akij + 2D(ibj), (E1)

∂tkij = a[Rij + (kl
l)kij − 2kilk

l
j] + blDlkij (E2)

+ kilDjb
l + kljDib

l −DiDja,

Ri
i + (ki

i)
2 − kijk

ij = 0, (HC)

Djkij −Dik
j
j = 0. (MC)

spatial metric h ∈ S, extrinsic curvature k ∈ S, lapse a ∈ R,

shift b ∈ R3, all depend on x ∈ R3, t ≥ 0.

Initial value problem: Given lapse and shift and given h and

k for t = 0 satisfying (HC) and (MC), solve the evolution

equations (E1) and (E2) to find h and k for t ≥ 0.
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Linearization

Linearize about flat space in Cartesian coordinates:

hij = δij + γij, kij = 0 + κij

a = 1 + α, bi = 0 + βi

2



2

Linearization

Linearize about flat space in Cartesian coordinates:

hij = δij + γij, kij = 0 + κij

a = 1 + α, bi = 0 + βi

∂tγij = −2κij + 2∂(iβj), (e1)

∂tκij = (Pγ)ij − ∂i∂jα, (e2)

(Pγ)i
i = 0, (hc)

(Mκ)i = 0. (mc)

2



2

Linearization

Linearize about flat space in Cartesian coordinates:

hij = δij + γij, kij = 0 + κij

a = 1 + α, bi = 0 + βi

∂tγij = −2κij + 2∂(iβj), (e1)

∂tκij = (Pγ)ij − ∂i∂jα, (e2)

(Pγ)i
i = 0, (hc)

(Mκ)i = 0. (mc)

(Pγ)ij :=
1
2
∂i∂

lγlj +
1
2
∂j∂

lγli −
1
2
∂l∂lγij −

1
2
∂i∂jγ

l
l

(Mκ)i := ∂jκij − ∂iκ
j
j N.B.: (Pγ)i

i = ∂i(Mγ)i
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A key identity

For any symm. γ,

(Pγ)ij = −∂l[∂[lγj]i + (Mγ)[lδj]i] +
1
2
∂l(Mγ)lδij.

This identity relates the linearized Ricci tensor, the linearized momentum

constraint operator and the linearized Hamiltonian constraint operator.
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For any symm. γ,
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∂l(Mγ)lδij.

This identity relates the linearized Ricci tensor, the linearized momentum

constraint operator and the linearized Hamiltonian constraint operator.

Define L : C∞(R3, S) → C∞(R3, T) by (Lu)lji = ∂[luj]i w/

T = {w ∈ R3×3×3 |wijk +wjik = 0, wijk +wjki +wkij = 0 }
dim T = 8

Set λlji = − 1√
2
[(Lγ)lji + (Mγ)[lδj]i] ∈ C∞(R3, T)

The identity becomes

(Pγ)ij =
√

2∂lλlij +
1
2
∂l(Mγ)lδij

or
(Pγ)ij =

√
2∂lλl(ij) +

1
2
∂l(Mγ)lδij
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First evolution equation

λlji = − 1√
2
[(Lγ)lji + (Mγ)[lδj]i]
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First evolution equation

λlji = − 1√
2
[(Lγ)lji + (Mγ)[lδj]i]

(Pγ)ij =
√

2∂lλl(ij) + 1
2∂

l(Mγ)lδij =
√

2∂lλl(ij) = −
√

2(L∗λ)ij

(hc)

(L∗λ)ij := −∂lλl(ij)

L∗ : C∞(R3, T) → C∞(R3, S) is the adjoint of L

Thus

∂tκij = (Pγ)ij − ∂i∂jα (e2)

becomes

∂tκij = −
√

2(L∗λ)ij − ∂i∂jα
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Second evolution equation

We defined λlji = − 1√
2
[(Lγ)lji + (Mγ)[lδj]i]
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Second evolution equation
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Second evolution equation

We defined λlji = − 1√
2
[(Lγ)lji + (Mγ)[lδj]i]

Differentiate in time, substitute

∂tγij = −2κij + 2∂(iβj) (e1)

and use

Mκ = 0 (mc)

This gives

∂tλlji =
√

2(Lκ)lji − τlji

where

τlji =
1√
2
(∂i∂[lβj] + ∂m∂[mβl]δij − ∂m∂[mβj]δil)
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The initial value problem

∂tκij = −
√

2(L∗λ)ij − ∂i∂jα

∂tλlji =
√

2(Lκ)lji − τlji
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The initial value problem

∂tκij = −
√

2(L∗λ)ij − ∂i∂jα
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√
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∂t

(
κ
λ

)
=
√

2
(

0 L
−L∗ 0

) (
κ
λ

)
−

(
∂∂α
τ

)

FOSH
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If α, β are given arbitrarily and initial data for κ and λ are

given, there exists a unique solution.
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√
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√
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∂t

(
κ
λ

)
=
√

2
(

0 L
−L∗ 0

) (
κ
λ

)
−

(
∂∂α
τ

)

FOSH

If α, β are given arbitrarily and initial data for κ and λ are

given, there exists a unique solution.

Given initial data for γ and κ, initialize λ in the obvious way:

λlji(0) = − 1√
2
[(Lγ(0))lji + (Mγ(0))[lδj]i]

Once κ is known, recover γ by integration:

γij = γij(0)− 2
∫ t

0

(κij − ∂(iβj))
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Equivalence theorem

Theorem: Let α and β be given and suppose that γ(0) and
κ(0) are given satisfying (hc) and (mc). Define λ(0) as
above. Determine λ and κ by the FOSH system.
Determine γ by integration. Then (e1), (e2), (hc), (mc)
are satisfied.
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Trickiest part is to show that µ := Mκ ≡ 0. In fact

∂2
t µi = ∂l∂(iµl), µ(0) = ∂tµ(0).
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Equivalence theorem

Theorem: Let α and β be given and suppose that γ(0) and
κ(0) are given satisfying (hc) and (mc). Define λ(0) as
above. Determine λ and κ by the FOSH system.
Determine γ by integration. Then (e1), (e2), (hc), (mc)
are satisfied.

Trickiest part is to show that µ := Mκ ≡ 0. In fact

∂2
t µi = ∂l∂(iµl), µ(0) = ∂tµ(0).

This elastic wave equation is well-posed so the solution is

trivial.
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The nonlinear case

In this case we define metric-dependent linear operators

L : C∞(R3, S) → C∞(R3, T), L∗ : C∞(R3, T) → C∞(R3, S)

(Lu)ijl = ∂[iuj]l, (L∗v)ij = −hqihrj∂pv
p(qr)
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The nonlinear case

In this case we define metric-dependent linear operators

L : C∞(R3, S) → C∞(R3, T), L∗ : C∞(R3, T) → C∞(R3, S)

(Lu)ijl = ∂[iuj]l, (L∗v)ij = −hqihrj∂pv
p(qr)

These are adjoint in the inner product induced by the metric:∫
(Lu)ijlv

ijl dx =
∫

uij(L∗v)ij dx

where indices are raised with hij.

We again introduce 8 new variables:

flmn = − 1√
2
[(Lh)lmn + (Mh)[lhm]n]
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The system

Find k(x, t) ∈ S, f(x, t) ∈ T such that

∂0kij = −
√

2a(L∗f)ij + Bij

∂0flmn =
√

2[L(ak)]lmn + Clmn
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The system

Find k(x, t) ∈ S, f(x, t) ∈ T such that

∂0kij = −
√

2a(L∗f)ij + Bij

∂0flmn =
√

2[L(ak)]lmn + Clmn

∂0 := ∂t − bl∂l

Bij and Clmn are algebraic combinations of hij, ∂lhij, kij,

the lapse a and the shift b and their spatial derivatives.

The system is coupled to

∂0hij = −2akij + 2hs(i∂j)b
s
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Remarks

Fritelli–Reula, Einstein–Christoffel, and

Kidder–Scheel-Teukolsky introduce dijk = ∂ihjk + . . . as

18 additional unknowns. We introduce only 8.
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In an earlier version I spoke about we introduced only 6
additional unknowns. However in that version ∂tκ is a

fundamental unknown rather than κ, and γ has to be

recovered by two integrations. This seems more “natural”.
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Remarks

Fritelli–Reula, Einstein–Christoffel, and

Kidder–Scheel-Teukolsky introduce dijk = ∂ihjk + . . . as

18 additional unknowns. We introduce only 8.

Lapse and shift are completely arbitrary. We don’t

densitize.

In an earlier version I spoke about we introduced only 6
additional unknowns. However in that version ∂tκ is a

fundamental unknown rather than κ, and γ has to be

recovered by two integrations. This seems more “natural”.

We can identify elements of T with trace-free matrices.

Then L and L∗ become variants of curl operators.
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Future work. . .

Boundary conditions are an obvious question. For the

earlier system we (Tarfulea) recently found maximal

non-negative BC which maintain the constraints.

Hopefully we can do that with this system.
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Future work. . .

Boundary conditions are an obvious question. For the

earlier system we (Tarfulea) recently found maximal

non-negative BC which maintain the constraints.

Hopefully we can do that with this system.

Computations. . . Does this help get a more stable

evolution?
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