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Motivation: Cubical Excision

Excision: an outflow inner boundary eliminates the singularity.

For a Schwarzschild BH in KS coordinates the side length of the
cube must be smaller than 4

√
3M/9.
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Motivation: Cubical Excision

For a rotating BH in KS coordinates cubical excision is not
possible if a & 0.0851M .
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Multiple Patches

Hyperbolic initial-boundary value problem in a domain Ω with a
moving hole.
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Single vs. Overlapping Grids

Single Cartesian grid

Pros
Stability proofs
Easier to parallelize

Cons
Cubical domains,
complicated algorithms,
uniform grid

Overlapping grids

Pros
Smooth, time dep. boundaries
Well-posedness proofs for hyperbolic
problems in general domains

Cons
Interpolation
Few proofs of stability
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Massless Klein-Gordon Scalar Field

We write
√−g∇µ∇µΦ = ∂µ(γµν∂νΦ) = 0 in first order form

∂tΦ = T ,

∂tT = −
(

γti∂iT + ∂i(γ
itT ) + ∂i(γ

ijdj) + ∂tγ
ttT + ∂tγ

tjdj

)

/γtt,

∂tdi = ∂iT .

The constraint variables Ci ≡ di − ∂iΦ propagate trivially.

Axisymmetry: ∂φ is a spacelike Killing field → ∂φγµν = 0.

Eliminate Φ, dφ: 3 × 3 system. Introduce uT = (T, d1, d2) and write
∂tu = Ai(t, ~x)∂iu + B(t, ~x)u.
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The Energy Method

In coordinates adapted to a timelike Killing field ∂t, the energy

E =

∫

Ω

uT Hu d2x =

∫

Ω

(−γttT 2 + γijdidj) d2x

is conserved: ∂tE =
∫

∂Ω
(w2

in − w2
out) dσ.

In KS coordinates the integrand is positive definite where ∂t is
timelike.

The energy method. Symmetrizable hyperbolic systems with
maximal dissipative boundary conditions

win(t, ~x) = Swout(t, ~x) + g(t, ~x), ~x ∈ ∂Ω

Gives sufficient conditions for well posedness.
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Discretization

Energy conserving discretization (E = h1h2

∑

ij uT
ijHijuijσij):

∂tT = −
(

γtiDiT + Di(γ
itT ) + Di(γ

ijdj) + ∂tγ
ttT + ∂tγ

tjdj

)

/γtt,

∂tdi = DiT .

where (u, Dv)h = −(Du, v)h + ujvj |N0 .

Boundary data at corners
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Axis of Symmetry: Simple Example

Consider 2D wave equation in polar coordinates

∂tT =
1

ρ
∂ρ(ρP ) ; ∂tP = ∂ρT

Use regularity conditions on the axis. The semidiscrete system

∂tTi =







2D+P0 i = 0

1

ρi
D0(ρP )i, i ≥ 1

∂tPi = D0Ti, i ≥ 1

conserves the discrete energy

E =
+∞
∑

i=1

(

T 2
i + P 2

i

)

ρi∆ρ +
1

4
T 2

0 ∆ρ2
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Spherical Excision

Introduce a spherical grid adapted to the event horizon
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Boosted Black Hole

Boosted cylindrical KS coordinates {t̄, ρ̄, z̄} on the (base)
cylindrical grid

t̄ = γ(t − βz) z̄ = γ(z − βt)

Co-moving spherical coordinates {t′, r′, θ′} on the spherical grid

t′ = γ(t − βz)

Communication done via interpolation of all fields, followed by the
transformation law for 1-forms:

∂Φ

∂yµ
=

∂xν

∂yµ

∂Φ

∂xν
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Boosted Black Hole (β = −0.75)
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Numerical Experiments

Boosted BH background:

β = −0.75;

Q = log2

‖vh−uexa‖
‖vh/2−uexa‖

;

Cylindrical 256 × 512

(ρ, z) ∈ [0, 10] × [−10, 10];

Spherical 128 × 384

(r, θ) ∈ [2, 4] × [0, π];

4RK; k
h

= 3/4;

dissip: 0.02.

Go to animations
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Numerical Experiments

Minkowski background:

No boost (β = 0);

εh = ‖vh − uexa‖h;

Cylindrical 90 × 170

(ρ, z) ∈ [0, 10] × [−10, 10];

Spherical 50 × 68

(r, θ) ∈ [1, 5] × [0, π];

dissip: 0.02.

The interpolation between
the grids does not introduce
growth in the error.
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Conclusions

Cubical excision has severe limitations.

Excising the excisable can only help.

Overlapping grids can be adapted to the geometry of the problem;
allow for moving boundaries; closer to the continuum problem.

Experiments with axisymmetric scalar field in boosted black hole
background are very encouraging.

Currently working on rotating case, higher order accuracy,
dynamical tracking of excisable region, etc.

Our belief is that if one cannot evolve a scalar field, then one
cannot evolve a black hole.
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